Abstract In this paperĆirić contractive mappings of type1 and type2 over a C * −algebra valued metric space have been studied with illustrative examples. Some fixed point theorems with necessary and sufficient conditions have been proved forĆirić-type contractive mappings in a C * −algebra valued metric space.
Introduction
The most celebrated work 'Banach Contraction Principle'(See [2] ) in proving the existence of a unique fixed point for a contraction mapping over a complete metric space with it's application has been established in many directions, namely (i) the usual contractive condition is relaxed by weakly contractive condition and (ii) the underlying spaces are replaced by metric spaces endowed with ordered or partially ordered structure. Recently O'Regan and Petrusel [11] had started their investigations towards the existence of a fixed point for generalized contraction mappings over an ordered metric space. In recent past years Caballero et al. [4] had been succeeded to apply his fixed point theorems particularly in a ordered metric space, for the existence of a solution of an ordinary differential equation. Subsequently with the introduction of cone metric space by Huang and Zhang [6] many researchers took an attempt to prove the generalized fixed point theorems on different cone metric spaces(See [1] , [7] , [12] ). In 1971 L. B.Ćirić had defined the contraction type mapping(See [5] ). It is well known that in a metric space a contraction mapping is always aĆirić contraction type mapping but the converse is not true in general. Influenced on the survey of literatures of C * −algebra(See [10] ) and C * −algebra valued metric space(see [9] ) some fixed point theorems forĆirić-type contractive mappings on a C * −algebra valued metric space have been proved by us. In this paper we also prove some common fixed point theorems for two mappings over such a C * −algebra valued metric space. Strength of the hypothesis made in theorems has been examined by illustrative examples.
Before going to our main results we now need the following basic preliminary ideas. In the year 2014
Ma et al. [9] introduced the concept of C * −algebra valued metric space. Here we denote an unital C * -algebra by A. An element a ∈ A is said to be a positive element if a * = a and σ(a) ⊂ R + , where σ(a) = {λ ∈ C : λI − a is not invertible, I is the unity in A}. If a is positive we write it as a θ, where θ is the zero element of A. A partial ordering on A is defined by a b if and only if (a − b) θ whenever a, b ∈ A. We denote the set of all positive elements of A by A + that is A + = {a ∈ A : a θ}. Also byÁ + we denote the set of all positive elements in A which commutes with each element of A. Each positive element of a C * -algebra A has a unique positive square root.
Some Basic Preliminaries
Definition 2.1 [9] Let X be a non-empty set. Suppose the mapping d : X × X → A satisfying the following conditions.
Example 2.2[9]
Let X = R and A = M 2×2 (R) with ||A|| = max{|a 1 |, |a 2 |, |a 3 |, |a 4 |}, where a i ′ s are the entries of the matrix A ∈ M 2×2 (R). Then (X, A, d) is a C * −algebra valued metric space, where d(x, y) = diag(|x − y|, α|x − y|) and the partial ordering on A is given by
Definition 2.3 [9] A sequence {x n } in a C * -algebra valued metric space (X, A, d) is called convergent and converges to some x ∈ X with respect to A if for any ǫ > 0 ∃N ∈ N such that ||d(x n , x)|| < ǫ whenever n ≥ N i.e. d(x n , x) → θ as n → ∞ and we write x n → x as n → ∞ in X.
A sequence {x n } in a C * -algebra valued metric space (X, A, d) is said to be Cauchy with respect to
A C * -algebra valued metric space is called complete if any cauchy sequence in X with respect to A is convergent to an element of X.
Definition 2.4[3]
Let (X, A, d) be a C * -algebra valued metric space. A mapping T : X → X is said to be continuous at a ∈ X with respect to A if for any ǫ > 0 ∃ δ > 0 such that ||d(T x, T a)|| < ǫ whenever ||d(x, a)|| < δ. T is called continuous on X with respect to A if it is continuous at any point a ∈ X. Evidently if {x n } be a sequence in X such that {x n } → x as n→ ∞ ⇒ T x n → T x as n → ∞ in
Lemma 2.5 [8] We state some results that hold in a C * -algebra with the partial ordering generated by the positive elements
Lemma 2.6 [9] Suppose that A is a unital C * -algebra with a unity I. Definition 2.8 [9] If (X, A, d) is a C * −algebra valued metric space and T : X → X satisfies
then T is called a C * −algebra valued Contractive mapping.
In the following section we prove some theorems in light of the work ofĆirić(See [5] ) and Saha and Baisnab(See [14] , [15] ).
Main Results
We begin this portion with the definition of contractive type mapping on a C * −algebra valued metric space.
Definition 3.1 Let (X, A, d) be a C * −algebra valued metric space. A mapping T : X → X is called a C * −algebra valuedĆirić-type1 contractive mapping if for every x, y ∈ X there are elements q(x, y) in A satisfies 0 ≤ ||q(x, y)|| < 1 and there is a mapping δ :
holds for every n ∈ N.
Let us denote the collection of all C * −algebra valuedĆirić-type1 contractive mappings over (X, A, d) by
) be a C * −algebra valued metric space. A mapping T : X → X is called a C * −algebra valuedĆirić-type2 contractive mapping if for every x, y ∈ X there are elements q(x, y) iń A + , 0 ≤ ||q(x, y)|| < 1 and there is a mapping δ :
Let us denote the collection of all C * −algebra valuedĆirić-type2 contractive mappings over (X, A, d) by
Note that in an abelian C * −algebra valued metric space (X, A, d) a C * −algebra valuedĆirić-type1 contractive mapping is a C * −algebra valuedĆirić-type2 contractive mapping and vice-versa. So for a commutative C * −algebra valued metric space (X, A, d) we have Ci *
Definition 3.3 [13] Let (X, A, d) be a C * −algebra valued metric space and T be a self map on X.
Then T is said to be orbitally continuous at u ∈ X if for any 
Then (X, A, d) is a C * −algebra valued metric space.
Therefore T is a C * −algebra valuedĆirić-type1 contractive mapping on (X, A, d).
Example 3.4 also supports in favour of C * −algebra valuedĆirić-type2 contractive mapping over a C * −algebra valued metric space.
There are some mappings which are C * −algebra valuedĆirić-type1 contractive mappings(C * −algebra valuedĆirić-type2 contractive mappings) but not Contraction mapping over a C * −algebra valued metric space.
Example 3.5 Let X = [0, 1] be the metric space with usual metric. Then it is a C * −algebra valued metric space with the C * −algebra A = R.
We define q :
∀x, y ∈ X and δ :
Then for all x, y ∈ [0, 1)
Similar is the case for x = 1, y ∈ [0, 1).
Now for any n ≥ 2 and ∀x, y ∈ [0, 1] we get
So T is a C * −algebra valuedĆirić-type1 contractive mapping(C * −algebra valuedĆirić-type2 contractive mapping since the C * −algebra A = R is abelian) on (X, A, d) but clearly it is not a contraction mapping.
We now go to our main theorems. Examples are also supported in support of our theorem.
Theorem 3.6 Let (X, A, d) be a complete C * −algebra valued metric space, where A is a unital
Then T is orbitally continuous in X if and only if T has a unique fixed point in X.
Proof: First let us assume that T is orbitally continuous in X. Let x 0 ∈ X be fixed.
For any n ∈ N we get,
Since T is orbitally continuous on X therefore we get T n+1 x 0 → T z as n → ∞.
Hence T z = z and z is a fixed point of T.
Now if possible let, w be another fixed point of T. Then T w = w and we get
Hence T has a unique fixed point z ∈ X.
Conversely let, T ∈ Ci * 1 (X) has a unique fixed point u in (X, A, d).
Let, x 0 ∈ X and {n i } be a subsequence of N.
Thus for any x 0 ∈ X and for any subsequence {n i } of N we get lim i→∞ T ni x 0 = u. Now let, m i = n i + 1 ∀i ∈ N. Then {m i } is a subsequence of N and thus fom the above we get
So T is orbitally continuous in (X, A, d). This completes the proof.
Theorem 3.7 Let (X, A, d) be a complete C * −algebra valued metric space, where A is a unital
proof: The proof is similar to the Theorem 3.6. Let T : X → X be defined by T x = x 3 ∀x, y ∈ X. Suppose q : X × X → A be defined by q(x, y) =
∀x, y ∈ X and δ : X × X → A + be defined by δ(x, y)
Also clearly T is orbitally continuous in X. Therefore all the conditions of theorem 3.6 are satisfied and we see that 0 is the unique fixed point of T in X.
The condition that T is orbitally continuous in Theorem 3.6 and Theorem 3.7 is necessary. which is evident from the following example ..} be the metric space with usual metric. Then X is a complete C * −algebra valued metric space with the C * −algebra A = R.
∀x, y ∈ X and δ : X × X → A + by δ(x, y) = 1 + x + y ∀x, y ∈ X.
Let us choose x 0 = 0
Therefore T is not orbitally continuous in X.
n , which in turn implies that
Therefore, d(T n x, T n y) (q(x, y) * ) n δ(x, y)q(x, y) n ∀x, y ∈ X and ∀n ∈ N.
So, T is a C * −algebra valuedĆirić-type1 contractive mapping(C * −algebra valuedĆirić-type2 contractive mapping since the C * −algebra A = R is abelian) on (X, A, d) but T has no fixed point in X.
The condition that X is complete in Theorem 3.6 and Theorem 3.7 is just sufficient.
Example 3.12 Let X = (−1, 1) be the metric space with usual metric. Then X is a C * −algebra valued metric space with the C * −algebra A = R.
Let T : X → X be defined by T x = x 2 ∀x ∈ X. Define q : X × X → A by q(x, y) = 1 √ 2 ∀x, y ∈ X and δ : X × X → A + by δ(x, y) = 4 + x + y ∀x, y ∈ X.
n ∀x, y ∈ X and ∀n ∈ N.
Clearly T ∈ Ci * 1 (X)(also T ∈ Ci * 2 (X) since A = R is abelian) and T has a unique fixed point 0 in X but X is not complete. Then clearly T is continuous on X and thus orbitally continuous on X and d(T n x, T n y) (a * ) n d(x, y)a n ∀x, y ∈ X and ∀n ∈ N.
Now if we define q : X × X → A by q(x, y) = a ∀x, y ∈ X and δ : X × X → A + by δ(x, y) = d(x, y) ∀x, y ∈ X then we get 0 ≤ q(x, y) < 1 ∀x, y ∈ X and d(T n x, T n y) (q(x, y) * ) n δ(x, y)q(x, y) n ∀x, y ∈ X and ∀n ∈ N. So T ∈ Ci * 1 (X) and thus by Theorem 3.6 T has a unique fixed point in X. Proof: Let x, y ∈ X be arbitrary. 
Also if u ∈ X and lim i→∞ T ni x 0 = u for some x 0 ∈ X then
Therefore, lim i→∞ T T ni x 0 = T u. Hence T is orbitally continuous in X and thus by Theorem 3.7 T has a unique fixed point in X.
Theorem 3.15 Let (X, A, d) be a complete C * −algebra valued metric space, where A is a unital
n ∀x, y ∈ X and ∀n ∈ N., where q : X × X → A be a mapping which satisfy 0 ≤ ||q(x, y)|| < 1 ∀x, y ∈ X and δ : X × X → A + be another mapping. Then T and S both are orbitally continuous in X if and only if T and S have a unique common fixed point in X.
Proof: First let us assume that both T and S be orbitally continuous.
Let x 0 ∈ X be fixed.
Let us consider a sequence {x n } in X, where x n = T n x 0 if n is even
So, ||d(x n , x n+1 )|| → 0 as n → ∞ and thus d(x n , x n+1 ) → θ as n → ∞.
Now for 1 ≤ n < m we get,
is complete then there exists a unique z ∈ X such that x n → z as n → ∞. Therefore {T 2n x 0 } n∈N and {S 2n−1 x 0 } n∈N both converge to z.
Since T and S both are orbitally continuous in X so T 2n+1 x 0 → T z and S 2n x 0 → Sz as n → ∞.
Similarly we can show that Sz = z. Therefore T z = z = Sz and so z is a common fixed point of T and
S.
If possible let, u be another common fixed point of T and S. Thus T u = u = Su.
Hence T and S have a unique common fixed point in X.
Conversely let, T and S both have unique common fixed point in X.
So there exists a unique z ∈ X such that T z = z = Sz. We first show that, z is the unique fixed point of T.
Let, w ∈ X be another fixed point of T. Then T w = w.
Similarly, z is the unique fixed point of S.
Thus for any x 0 ∈ X and for any subsequence {n i } of N we get lim i→∞ T ni x 0 = z. Now let, m i = n i + 1 ∀i ∈ N. Then {m i } is a subsequence of N and thus fom the above we get
Similarly we get, S is also orbitally continuous in X which proves our Theorem.
Theorem 3.16 Let (X, A, d) be a complete C * −algebra valued metric space, where A is a unital C * −algebra. Suppose that two mappings T, S : X → X satisfy d(T n x, S n y) q(x, y) n δ(x, y) ∀x, y ∈ X and ∀n ∈ N., where q : X × X →Á + be a mapping such that 0 ≤ ||q(x, y)|| < 1 ∀x, y ∈ X and δ : X × X → A + be another mapping. Then T and S both are orbitally continuous in X if and only if T and S have a unique common fixed point in X.
Proof:
The proof is similar to the above theorem.
Example 3.17 Let X = [0, 1] be the metric space with usual metric. Then it is a complete C * −algebra valued metric space with the C * −algebra A = R. We take two mappings T and S on X such that
Also both T and S are continuous in X. So T and S are orbitally continuous in X. We see that 0 is the unique common fixed point of T and S in X.
The condition that X is complete in the Theorem 3.15 is just sufficient.
Example 3.18 Let X = (−1, 1) be the metric space with usual metric. Then it is a C * −algebra valued metric space with the C * −algebra A = R. We take two mappings T and S on X such that
∀x, y ∈ X and δ : X × X → A + by δ(x, y) = 4 + x + y ∀x, y ∈ X.
Though (X, A, d) is incomplete, T and S have a unique common fixed point in X which is 0.
The condition that both T and S are orbitally continuous in X is necessary in the Theorem 3.15
..} be the metric space with usual metric. Then X is a complete C * −algebra valued metric space with the C * −algebra A = R.
So d(T n x, S n y) (q(x, y) * ) n δ(x, y)q(x, y) n ∀n ∈ N.
Also if x = ) n (1 + x + y)(
Thus we have d(T n x, S n y) (q(x, y) * ) n δ(x, y)q(x, y) n ∀n ∈ N.
Therefore, d(T n x, S n y) (q(x, y) * ) n δ(x, y)q(x, y) n ∀x, y ∈ X and ∀n ∈ N.
Here X is complete, T is orbitally continuous but S is not orbitally continuous. Here we see that T and S have no common fixed point in X.
Corollary 3.20 Let (X, A, d) be a complete C * −algebra valued metric space, where A is a unital C * −algebra. Let T, S be two mappings on X such that d(T n x, (ST ) n y) (q(x, y) * ) n δ(x, y)q(x, y) n ∀x, y ∈ X and ∀n ∈ N., where q : X × X → A be a mapping which satisfy 0 ≤ ||q(x, y)|| < 1 ∀x, y ∈ X and δ : X × X → A + be another mapping. Assume that T and ST both are orbitally continuous in X. Then T and S have a unique common fixed point in X.
Proof: From the Theorem 3.15 it follows that T and ST have a unique common fixed point in X, say z. Therefore, T z = z = (ST )z. Now, (ST )z = z ⇒ S(T z) = z ⇒ Sz = z. So, T z = Sz = z.
Thus z is a common fixed point of T and S. Let w be another common fixed point of T and S. Then T w = w = Sw. So we get, (ST )w = S(T w) = Sw = w Therefore, T w = (ST )w = w.
So w is a common fixed point of T and ST in X. Since S and ST have a unique common fixed point in X it follows that z = w. So z is the unique common fixed point of T and S in X.
Corollary 3.21 Let (X, A, d) be a complete C * −algebra valued metric space, where A is a unital C * −algebra. Let T, S be two mappings on X satisfying d(T n x, (ST ) n y) q(x, y) n δ(x, y) ∀x, y ∈ X and ∀n ∈ N., where q : X × X →Á + be a mapping such that 0 ≤ ||q(x, y)|| < 1 ∀x, y ∈ X and δ : X × X → A + be another mapping. Assume that T and ST both are orbitally continuous in X. Then T and S have a unique common fixed point in X.
The proof is similar to the above.
